AMENABILITY OF DISCRETE CONVOLUTION ALGEBRAS, THE COMMUTATIVE CASE
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A Banach algebra 21 is called amenable if all bounded derivations into dual Banach 2l-modules are inner. Let S be a semigroup and let l ι (S) be the corresponding discrete convolution algebra. This paper is on the theme: "On the hypothesis that l ι (S) is amenable, what conclusions can be drawn about the (algebraic) structure of S ?" We give a complete characterization of commutative semigroups carrying amenable semigroup algebras. If S is commutative, then l ι (S) is amenable if and only if S is a finite semilattice of groups, that is, there is a finite semilattice Y and disjoint commutative groups G Q (a e Y) such that S = \J aEY G a and G a G β C G aβ (a,βeY).
The theme above has previously been studied in [3] and [4] . In both papers it is apparent that the condition of amenability imposes strong algebraic constraints on the semigroup. In [3] a rather complete description of inverse semigroups carrying amenable semigroup algebras is given. Of particular interest for this paper is that a semilattice carries an amenable semigroup algebra if and only if it is finite [3, Theorem 10]. In [4] it is proved that, if a one-sided cancellative semigroup carries an amenable semigroup algebra, then it is a group. The result of this paper, that for a commutative semigroup S, the semigroup algebra l ι (S) is amenable if and only if S is a finite lattice of groups, is proved by looking at the gross structure of S by means of the "principle of maximal homomorphic image of a given type". Using the fact that homomorphic images of S carry amenable semigroup algebras when S does, we establish the necessity of the characterization by showing that each archimedean component of S is a group. This is obtained by applying the results from [3] and [4], mentioned above, to the maximal semilattice, the maximal cancellative, and the maximal separative homomorphic images of S. The sufficiency of the characterization is easily verified. Alternatively, it follows from [3, Theorem 8].
Preliminaries.
We shall need some elementary semigroup theory. We prefer to keep our exposition self-contained, so although most of what follows can be found in standard texts on the subject,
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we shall, with a few exceptions, give proofs in some detail. For a further discussion the reader is referred to [1] . Throughout S will denote a commutative semigroup, with the binary operation written multiplicatively. A congruence on S is an equivalence relation which is compatible with the semigroup operation.
A congruence -on S will be called separative (cancellative, archimedean, etc.) if the semigroup S/ ~ is separative (cancellative, archimedean, etc.). 
aβ (a, β eY). Then 5 is called a semilattice of the subsemigroups S Q (aeY).
The following lemma is the main structure theorem for commutative semigroups. Proof. The sufficiency has been noted in the introduction. Hence we assume that l ι (S) is amenable. Let s = \J ae γS a be the decomposition as in Lemma 2.3. By Lemma 2.5 the theorem is true if cardy = 1. We proceed by induction on n = cardF. Assume that n > 2 and that the theorem is true for semigroups which are semilattices of archimedean semigroups with cardinality of the semilattice strictly less than n. Let αo be the minimal element in Y. Let β G Y \ {αo}, and define Tβ = \J a> β S a . As in the proof of Lemma 2.2, we see that l ι {Tβ) is amenable. Thus, by the induction hypothesis, we have that S a is a group for a eY\ {αo}. We finish the induction step by proving that S Άo 
